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ABSTRACT
INFLUENCE OF SURFACTANT ON THE BREAKUP OF A
FLUID JET IN VISCOUS SURROUNDING
by
Muhammad Irfan Hameed
The effect of insoluble surfactant on the breakup of a fluid jet surrounded by another
viscous fluid at low Reynolds number is studied both theoretically and experimentally.
Equations governing the evolution of the interface and surfactant concentration are
derived using a long wavelength approximation for the case of an inviscid jet and a
slightly viscous jet surrounded by a more viscous fluid. These one dimensional partial
differential equations governing the evolution of the slender jet are solved numerically
for given initial interfacial perturbations and surfactant concentration. It is found
that the presence of insoluble surfactant at the interface retards the pinch-off. The
influence of surface diffusion of surfactant on the jet deformation is studied by varying
surface Peclet number. It is found that greater diffusion of surfactant causes the jet to
pinch faster. To check the predictions of our model, we performed experiments both
for clean interface and as well as in presence of surfactants. The experimental results
support the prediction of the theoretical model that the presence of surfactant slows
down the pinch-off process. Results of the long wavelength model are also compared
against the numerical simulations of the full problem. The solution of the full problem
shows similar behavior to the simplified long wavelength model.
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CHAPTER 1
INTRODUCTION

The breakup of a fluid jet or a bubble surrounded by another viscous fluid has
been of great interest to physicists and engineers due to industrial and biomedical
applications. For example, the surface tension driven breakup of liquid-liquid and
liquid-gas jets are common in many industrial applications, including ink-jet printers,
chemical reactors and solderjet technology [2]. Bubble deformation and breakup is
important in the processing of polymer melts and emulsion formation [30].
The problem of jet breakup has been extensively studied both experimentally
and theoretically for jets injected into air, where the air is modeled as a vacuum or
inviscid fluid. These types of fluid jets are called single fluid jets. For the case of single
fluid jets, the theoretical development started with the classical work of Rayleigh [28]
who studied the breakup of an infinite free inviscid jet injected into air. Rayleigh
analyzed the breakup of the liquid jet using linear stability theory and calculated the
growth of infinitesimal periodic disturbances on a stationary liquid cylinder. Weber
[37] extended the linear theory to the case of viscous jets. In both of the above
cases, it was shown that a cylindrical fluid column is unstable under axisymmetric
perturbations whose wavelength is greater than the circumference of the undisturbed
jet.
Although the linear theory describes well the early stages of jet evolution, it
does not properly account for the breaking process and drop formation, which are
non-linear phenomena. After the initial work of Rayleigh and Weber, subsequent
experimental and theoretical investigations have focused on elucidating details of
the breakup of a single fluid jet. Recently, Eggers [10] used a long wavelength
approximation of the incompressible Navier-Stokes equations to study the viscous jet
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pinch-off in an inviscid environment. He showed that the dynamics of the pinching
thread is governed by a balance between the axial gradient of the capillary pressure
axial acceleration, and viscous stresses. Eggers found similarity solutions to the long
wave equations that describe the jet pinch-off, in which axial length scale shrinks
according to L ti 6,1 )1, while the jet radius decreases as .1?-T where
,

time to pinch-off,

u

is the

T and L are suitably defined time and length scales. Note that

the ratio of the radial to axial lengths scales is small, consistent with the long wave
approximations.
Papageorgiou [25] analyzed the one dimensional long wave equations derived
from the Stokes equations, i.e., neglecting inertia. Near the pinch-off, scalings were
found which correspond to a viscous-capillary balance, and are different from the
scalings in the inertial case. Similarity solutions based on these scalings show that
the jet pinches-off with a smooth profile in finite time. A recent review paper by
Eggers [11] presents a comprehensive review of non-linear theories and experimental
studies on the surface tension driven single fluid jet, including pinch-off.
For the case of two fluid jets, the effects of the surrounding fluid must be included
in the analysis of the jet instability and breakup. In this case, additional non-trivial
effects enter due to the presence of the outside continuous phase. The first work in
the case of two fluid jets is due to Tomotika [36], who derived a relationship between
the growth rate and the wave number of the disturbance. Tomotika found that the
criterion for instability of Rayleigh [28] and Weber [37], originally derived for the
single fluid jet, does not change when the outer fluid is present. Lister and Stone
[19] considered the effect of a viscous external fluid on the non-linear dynamics and
breakup of a fluid jet evolving under Stokes flow. They found that when the external
fluid viscosity is introduced, the dynamics near the pinch-off is given by a balance
between capillary pressure, interior and exterior viscous stresses. In this case, the
jet pinches according to the scalings z 2

(flu

and

h

Di

u,

where

a

is the
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surface tension, itt i is the inside viscosity and A = is the viscosity ratio. For these
scalings to hold it is required that A > 1. Lister and Stone [19] employed a boundary
integral numerical method to verify these scalings when the viscosity ratio A = 1. It
is important to note that these scalings show that the two fluid dynamics does not
satisfy the long wave assumption since h
the numerical results of Lister and Stone to

A7

, for A > 1. Zhang [41], [42] extended
A 16, while Lister and Sierou [32]

introduced similarity variables into the boundary integral simulations to determine
the self similar shapes for smaller values of A. Experiments of Cohen et al. [5] are
comparable with the numerical results of Zhang. Most recently, Doshi et al. [8] used
experiments, large scale numerical simulations and asymptotic analysis to study the
breakup of a low viscosity jet inside a highly viscous exterior fluid and showed that
different initial and boundary conditions lead to different asymptotic profiles when
the interior viscosity is small enough. Howell and Siegel [15] generalized the above
results to consider the cases in which the jet is not axisymmetric and is driven by a
transverse straining flow.
The presence of surfactant in surface tension driven flows is important from the
industrial point of view yet less is known about the fine details of the jet breakup
under the influence of surfactants. Surfactants are surface active agents which are
present in nearly all liquids in the form of impurities and contaminations. Their
presence at the interface can significantly alter the interfacial properties. In some
cases, they are added to control the fluid behavior while in other situations their
presence may not be desirable but they are difficult to remove from the system. It
is important therefore, to understand the effect of surfactants on the dynamics of jet
breakup.
There have been few studies to understand the influence of surfactants on the
breakup of two fluid jets. Whitaker [39] first investigated the effect of a surfactant
on a fluid filament surrounded by a gas using linear stability theory. Stone et
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al. [34] and Milliken [22] considered the effect of a surfactant on the deformation
and breakup of a drop in extensional flow and established a qualitative relationship
between the flow, surfactant concentration and surface stresses. Kwak and Pozrikidis
[18] investigated the effect of surfactants on the stability of a liquid thread. They
carried out the linear stability analysis for axisymmetric perturbations in the absence
or presence of fluid inertia. They also studied the non-linear instability of the infinite
thread under the conditions of Stokes flow, using numerical simulations employing
boundary integral method. They found that the presence of surfactant substantially
decreases the growth rate of instability. Later, Kwak et al. [17] extended the
above analysis to consider the case of an extensional flow. Hansen et al. [14]
presented a thorough analysis of the linear stability of a fluid filament embedded in
a viscous fluid in the presence of a soluble surfactant. Later on, Lister et al. [35] also
used linear stability analysis as well as one-dimensional non-linear approximations
to the Navier-Stokes equations to study the surface tension driven flow of a liquid
jet in inviscid surrounding. Lister et al. concluded that for a fluid jet in inviscid
surroundings, surfactants have little effect on the pinch-off since the flow in the jet
sweeps the surfactant away from the pinch point due to advection. However, this is
not necessarily the case when there is no internal fluid, or the internal fluid is much
less viscous than the outer fluid. Craster et al. [7] studied the effect of surfactant on
the pinch-off and satellite formation of a viscous thread. They found that the size
of satellite formed during the thread breakup decreases with the increase of initial
surfactant concentration. The previously observed self-similar pinch-off for the case
of no surfactant [10] was preserved in the presence of surfactant.
The role of surface active agents in liquid-liquid and liquid-gas systems has
attracted the attention of many experimentalists over the years. Pan et al. [24]
performed the experiments to measure the kinetic rate constants for the surfactant
exchange at air/water interface. Fang and Shah [12] studied the effect of surfactant
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on the heat transfer through air/water and water/oil interfaces using image analysis
technique to show that the surfactant monolayer introduces a noticeable heat transfer
resistance to the heat transfer forces across the interface. Jet pinch-off and drop
formation in liquid-liquid system has also been studied by Webster and Longmire
[38]. They investigated the behavior of a glycerol/water jet flowing into Dow Corning
fluid under the action of superposed sinusoidal perturbation. The forcing frequency
is found to have a dramatic effect on the size, spacing and number of drops resulting
from the jet breakup. In a recent experimental investigation, Rothert et al. [29]
observed the drop pinch-off at a nozzle for different viscosities and investigated three
consecutive flow regimes. They found that close the pinch point the profiles become
self-similar at a certain time.
To gain insights into two-fluid pinch-off with variable surface tension, we study
the effect of insoluble surfactant on the breakup of an inviscid and a slightly viscous
jet in highly viscous exterior fluid. To approximate the solution of the full Stokes
equations, we use a very different approach based upon the slender body theory, which
exploits the large aspect ratio of the jet using slenderness ratio E as an expansion
parameter. Due to the linearity of the Stokes equations, an exact solution can
be written as an integral of a distribution of point forces, or Stokeslets over the
boundary of a fluid region. This is true for the case of both moving and stationary
boundaries. When the geometry of the fluid is characterized by a small aspect
ratio, an approximation to the flow outside is given by replacing the point forces
on its boundary by a distribution of point forces and other singularities along the
centerline of the body. If the slender inhomogeneity is deformable, as in our case,
the singularities required are the point mass sources and point forces alone. The
flow induced by these singularities is given by the superposition of the corresponding
fundamental solutions or the free space Green's functions.
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Slender body theory has been successfully employed to study Stokes flow in
different geometries. Buckmaster [4] used slender body theory to study the deformation
of an inviscid drop in an axisymmetric straining flow and found that there were
many possible steady shapes of the droplet. Acrivos and Lo [1] refined the studies
of Buckmaster and showed that all but one of those steady shapes are unstable.
Keller and Rubinow [16] have developed a non-local slender body approximations
that captures the global effect on the fluid velocity arising from the presence of a thin
filament. This approach introduces an integral equation with a modified Stokeslet
kernel on the filament centerline that relates the filament forces to the velocity of the
centerline.
With an aim to better understand the pinch-off dynamics under the influence
of variable surface tension, we use slender body theory, numerical simulations and
experimental studies to investigate the effect of surfactant on the necking and breakup.
In the first part, we consider a slender axisymmetric fluid jet of inviscid fluid surrounded
by a viscous outer fluid in the presence of insoluble surfactant at the interface. The
inner phase is an inviscid gas, and the outer phase is a viscous fluid. The effect of the
interior inviscid fluid on the exterior viscous fluid is accounted for by the spatially
uniform pressure p(t). Dynamics exterior to the jet are governed by axisymmetric
Stokes equations. Taking into account the fact that the jet is thin and long, we used
slender body theory to obtain the solution of the Stokes equations. We find that the
presence of surfactant has a significant effect on the system and retards the pinch-off,
i.e., the breakup of the jet. The influence of surfactant on the jet deformation and
breakup is also studied at different Peclet numbers, i.e., for different ratios between
convection and diffusion of surfactant. It is found that diffusion of surfactant causes
the jet to pinch faster. At larger values of Peclet number (Pe, = 1000), first the
pinching is delayed with the formation of a filament, but eventually it pinches. We also
considered the effect of different relationships between the surfactant concentration
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and interfacial tension. We considered linear as well as non-linear relationships
between surface tension and surfactant concentration. It is found that the equation
of state does not have much effect on the necking. We also generalize these results
to consider the case of a slightly viscous jet in highly viscous fluid. It is found that
the pinch-off occurs at a different location, which has a consequences concerning the
satellite drop formation.
We also performed experiments, which support the predictions of the model.
On the experimental front, we used high speed digital camera to capture the details
of the pinching jet. Air bubbles in a glycerol/water mixture are created for both
with and without surfactant. Digitized video images of the bubble elongation were
captured sequentially in time and analyzed using image analysis software. It is found
that the presence of surfactant slows down the breakup of a slightly viscous jet in a
highly viscous exterior fluid.

CHAPTER 2
MATHEMATICAL MODELS

In this chapter, the basic hydrodynamic equations and boundary conditions are
formulated. We consider Stokes equations to model the flow outside the jet and derive
boundary conditions at the interface for the clean surface (i.e., no surfactant). The
boundary conditions are then modified to take into account the presence of surfactant.
We consider the case of insoluble surfactant and use a convection diffusion equation
for the transport of surfactant along the interface.

2.1 Stokes Flow
The Navier-Stokes equations describe the flow field of a fluid at any point in the
domain in terms of u and p, the velocity and pressure of the fluid respectively. They
are given by

where Re = 2 1 -'' is called the Reynolds number, and it represents the ratio of the
inertial and viscous forces. For the case of slow flow or Stokes flow it is assumed that
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the viscous terms are more dominant as compared to the inertial terms so Re << 1.
Equations (2.3) simplify to

Rewriting

These equations are known as Stokes equations. The linear nature of the
Stokes equations allows us to build an extensive theoretical framework regarding
the mathematical properties of the solutions and physical nature of the flow [27]. In
addition, for incompressible fluid we have the continuity equation

In these kind of flows, pressure and viscous forces are in equilibrium throughout
the fluid at each instant. Thus, even though the flow may be time dependent, the
temporal variables do not appear in the governing equations.

2.2 Flow Domain and Governing Equations
In this section, we present the flow geometry and derive governing equations in
dimensional form. We consider an infinite, axisymmetric, periodic fluid jet surrounded
by another viscous fluid. The jet is assumed to be slender, i.e., the wavelength of the
jet is much greater than its average width. Alternatively, one may consider a long
slender fluid droplet immersed in a viscous fluid. Initially, we consider the interior
of the jet to be inviscid, we can think of it as an analogue of a long air bubble.
The jet is assumed to be axisymmetric with respect to the axial coordinate axis,
which corresponds to the axis of symmetry. The surrounding fluid is assumed to be
viscous, incompressible and Newtonian. Neglecting inertia, the governing equations

Figure 2.1 Schematic diagram of flow geometry.
in the jet exterior are axisymmetric Stokes equations and the continuity equation.
Considering a cylindrical coordinate system (r,
by r =

0, z), the surface of the jet is denoted

R(z, t) and the axial and radial components of the velocity are B uz and liar

respectively. Governing equations for the outer fluid are the Stokes equations

2.3 Boundary Conditions: Clean Flow
Boundary conditions for our problem are prescribed at the interface between the two
phases. These boundary conditions are the continuity of the tangential stress and a
jump in the normal stress at the interface [9].
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is the stress tensor written in Cartesian form, t i are the components of a unit tangent

t and n i are the components of a unit outward normal evaluated at interface. In
terms of cylindrical coordinate system, equation (2.10) becomes

where primes denote

a

.

Normal stress balance:

In terms of cylindrical coordinates, the normal stress balance reads
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Kinematic boundary condition:
Kinematics condition at the interface states that no fluid particle crosses the interface,
i.e., if a particle is at the interface it remains at the interface. In cylindrical coordinate
system, kinematic condition at the interface is given by

2.4 Boundary Conditions: With Surfactant
Surfactants are chemical species which align themselves at the interface and alter
the interfacial properties. The surface tension, now denoted by 0-(r), is a function
of surfactant concentration F. The precise nature of the functional dependance
is discussed in Section 2.5. The effect of the surfactant is incorporated into the
mathematical model by modifying the stress conditions. The presence of surfactant
introduces a tangential interfacial force which is proportional to the surface tension
gradient [9]. This added force term is present in the tangential stress balance condition.
Tangential stress balance incorporating surfactant:

where

is the stress tensor written in Cartesian form, t i are the components of a unit tangent

t and n i are the components of a unit outward normal evaluated at interface and 0-(r)
represents the variable surface tension that changes with surfactant concentration.
In terms of cylindrical coordinate system, we get
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Normal stress balance incorporating surfactant:

In terms of cylindrical coordinates, the normal stress balance reads

2.5 Relationship Between Surface Tension and
Surfactant Concentration
The total amount of surfactant is constant at the interface and the surface tension
is a decreasing function of the surfactant concentration. The relationship between
the surface tension and the surfactant concentration is given by the equation of state
a = a(F). These are determined empirically, there are several different kinds of
relationships which are used. The simplest model for the dependance of interfacial
tension a on a surfactant concentration

r is given by the linear relationship [34]

where a0 is the surface tension of the clean interface, T is the absolute temperature,
R is the universal gas constant and

F 0 is the uniform surfactant concentration of the

unperturbed interface. Typically, such a relationship is valid for dilute surfactant
concentration. In some situations, such as in the case of contracting interfaces, the
surfactant concentration may become large at some points. In these situations, a more
precise model with a non-linear dependance of a on F is used. Although there are
different forms of non-linear equation of state used in literature, the most commonly
used is the so called Langmuir equation [9]
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where a° is the surface tension of the clean interface,

r„„ is the maximum allowable

interfacial concentration of the surfactant (the maximum packing density), R is the
universal gas constant and T is the absolute temperature.

2.6 Surfactant Transport
In order to quantify the effect of surfactant on the interface, we introduce a convection
diffusion equation which governs the surfactant transport along the interface. The
presence of exterior fluid causes the surfactant to spread across the interface in a
non-uniform way. There are other factors as well that might influence the surfactant
distribution such as diffusion and the evolution of the interface (e.g., stretching or
contracting).
Stone [33] presented a simple derivation of time dependent equation for surfactant
transport along a deforming interface

the velocity at the interface,

IC

is the mean curvature of the interface and D s is the

interfacial surfactant diffusivity.
Wong, Rumschitzki and Maldarelli [40] suggested a modified equation for other
parametrizations of the interface (i.e., not necessarily arc length). With the tools of
differential geometry, they show that it is necessary to include an additional term to
incorporate the effect of the changing Lagrangian coordinate system. The modified
equation is
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where X(a, t) is a parametric representation of the interface and all the other parameters
have the meanings defined above. In this study, we have considered the surfactant to
be insoluble, i.e., there is no net flux of the surfactant to and from the interface to
the bulk fluid.

CHAPTER 3
BREAKUP OF INVISCID JET IN VISCOUS SURROUNDING IN
PRESENCE OF INSOLUBLE SURFACTANT

In this chapter, we use long wavelength asymptotics to derive governing equations for
the evolution of the jet interface and surfactant concentration. We first consider the
effect of surfactant on the breakup of an inviscid jet in highly viscous exterior fluid.
A more general case of a slightly viscous jet will be considered later. These long wave
equations are studied both analytically and numerically to investigate the influence
of surfactant on the pinch-off process. Different physical effects are also incorporated
into the model and the results are discussed.

3.1 Non-Dimensionalization
We introduce the axial length scale L to be the wavelength of the jet and define

B to be the radial distance to the surface of the undisturbed jet. Also define
F 0 to be the uniform surfactant concentration for the undisturbed jet. We nondimensionalize the differential equations and boundary conditions by introducing the
following dimensionless variables

Substituting into the Stokes equations and the interfacial boundary conditions
(dropping primes), we get the following system of dimensionless equations and boundary
conditions:
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The continuity equation becomes

The non-dimensional tangential stress balance, normal stress balance and the kinematic
condition evaluated at the interface r = R(z, t) are given by

This parameter is called the sensitivity parameter and it measures
the sensitivity of the surface tension to the surfactant concentration.
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3.2 Method of Solution
Flow exterior to the jet is governed by the Stokes equations and continuity equation
given by

where u is the velocity field and p, is the pressure field. To find the solution of the
above system, we use an approach based upon the fundamental solution of the Stokes
equations. An exact solution of the Stokes equations can be written as the integral
of a distribution of point forces, or Stokeslets, over the boundary of the fluid region;
this result holds for both rigid and deformable boundaries. For the case of slender
bodies and the objects with small aspect ratio, we can approximate the outside flow
by replacing the distribution of the point forces on its boundary by a distribution of
point forces and other singularities along the centerline of the body.
If the slender body is deformable, as in our case, the singularities required to
satisfy the boundary conditions to the leading order are point mass sources and point
forces (Stokeslets) alone [4]. The representation of the flow field due to the distribution
of f (Z ) of Stokeslets and g(z) of point sources, becomes (in non-dimensional form)
-

where f (Z) and g(Z) are the densities of the Stokeslets and sources respectively and

19
The strength of the Stokeslets and point sources fD7) and ADZ) are unknowns and
must be determined subject to the boundary conditions.

3.3 Asymptotic Analysis
We note that our equations and boundary conditions involve the quantities, 74, Buz, P,
etc. at the interface. These quantities involve the integrals over the
source and Stokeslet densities and may be localized by evaluating the leading order
contribution using the method given in Handelsman and Keller [13]. It is simpler to
describe the method for a finite jet with —1 < z < 1, although later on we shall apply
the result to study the pinch-off of a periodic jet.
The main idea is to expand f D ,f) and AD) in a Taylor series about z, e.g.,
-

where Rf and R9 denote the remainder terms in the Taylor series expansions.
Substitute the above expansions in D3.10), D3.11), D3.12) and integrate the
resulting expressions analytically to calculate the leading order contribution. In order
to explain the whole procedure, we present a detailed analysis for one integral.
Recall that to leading order

If we put the expressions for f W and AD) in the integral, we get the following exact
representation of D3.14)
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Note that the integrands of the remainder terms (third and the seventh terms above)
are bounded. Hence, the remainder terms are ODE f,Eg), when evaluated at the
interface r = ER.
We can write the above equation as

where each of the intergals A i , Di = 1, ..., 5) can be performed exactly; for example
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Substituting r = ER, expanding for small
we get

E

and taking the leading order contributions,

22
Expressions for the derivatives of the velocity that appear in the stress balance
conditions are obtained by differentiating D3.10) and D3.11). After localizing as above,
we obtain Dto leading order)

Remarks:
Near the bubble end points the above analysis breaks down. Since we are mainly
interested in deriving local equations describing bubble evolution and pinch-off away
from endpoints, this is not a major difficulty. Modifications of the method which
can provide leading order expressions near the bubble endpoints are discussed by
Handelsman and Keller [13]. In this study, we are studying an infinite periodic jet,
so the integrals given in D3.10)-D3.11) have a range from —ooh to -Food. For example,
the expression for U r can be written as

Since these integrals are singular at z = ,Z in the limit r —* 0, the major contribution
-

arises from the middle integral and the first and the third integrals converge.
We use the expressions D3.29) to D3.31) in the equations for the tangential
stress balance, normal stress balance, kinematic condition and the equation for the
surfactant transport. In the following, we equate the leading order terms in tangential
stress balance, normal stress balance and kinematic condition to obtain expressions
for f and A.
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First, collecting the leading order terms in the tangential stress balance, we get

This equation suggests that f and A are of the same order. Keeping the leading order
terms in f and A in the normal stress balance gives

Under the assumption that f and A are of the same order, to leading order equation
(3.33) takes the form

We conclude that A must be of 0DE) for the above equality to hold. Hence, we can

where Ao = 0D1) and fo = 0D1). Using D3.34) and D3.35), we can write the leading
order normal stress balance as

Note that D3.32) now gives an expression for the Stokeslet density f in terms of R, p i
and F, although f decouples from the other leading order equations.
The leading order contribution from the kinematic condition is
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Putting D3.38) in D3.39), we get an equation which governs the interface of a slender,
axisymmetric and inviscid jet in the presence of surfactant at the interface

The leading order surfactant transport equation is obtained by substituting
D3.26), D3.27), D3.35), D3.36) into the surfactant transport equation D3.7) with the
result

Putting the value of A o from D3.38) into D3.41), we get an equation for the evolution
of the surfactant concentration F given by

Hence, the leading order governing equations for our system, i.e., the evolution
equation for the jet interface and surfactant concentration are given by

where we have substituted a = 1 — 13F, the linearized equation of state relating the
surface tension and the surfactant concentration.

3.4 Derivation of Inside Pressure

In our system of governing equations, we still have to calculate the inside pressure p i .
For this, we use the constant volume assumption, which in non-dimensional form is
given by
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Therefore,

so that

Recall that the value of A t is given by

Using the value of A t , we get

Finally, using (3.45) in (3.46), our expression for the inside pressure reduces to

Equations D3.43), D3.44) and D3.47) are the desired long wave evolution equations
which govern the dynamics of an inviscid, axisymmetric and periodic fluid jet in
presence of insoluble surfactant.
Before we solve these long wave equations numerically, we observe that an
important result follows immediately from D3.43) and D3.44). If we divide D3.43)
by A, D3.44) by F and add the resulting equations, we get
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this case, our model using a linear or non-linear equation of state breaks down since

a will become negative. Nevertheless this feature combined with the form of equation
D3.44) suggests that A —> 0 will not occur.

3.5 Numerical Solution
In order to investigate the non-linear evolution of the long wave equations, we numerically
solve the coupled non-linear system of partial differential equations governing the
evolution of the interface ADz, t) and surfactant concentration FDz, t). Recall that the
governing equations are

We use the method of lines employing a Runge-Kutta integrator to solve the above
coupled system. Here note that the inside pressure is a function of time only and is
given by the global condition D3.52). We use trapezoidal rule to evaluate the integral,
which is then used in the evolution equations to get the surfactant concentration and
the jet radius. As an initial condition, we used F = 1, and A = a + bcos7z. We have
conservation of volume and conservation of surfactant as two conserved quantities in
our system given by

These quantities are conserved in our numerical simulations within 10
are used as a check to the accuracy of our calculations.

-5

-10 -6 , which
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Figure 3.1 shows the results for the jet radius in the case of a clean interface.
The solution is plotted at various time steps. It is observed that in the case of no
surfactant, the jet profile is parabolic all the way to the pinch-off, as was observed in
the studies of Doshi et al. [8]. We note that without surfactant the jet radius becomes
zero, i.e., pinch-off occurs in finite time. On the other hand, Figure 3.2 shows the jet
radius in the presence of surfactant. We see that the presence of surfactant retards
the pinch-off and a finite time singularity, which was observed in the case of no
surfactant is inhibited. In stead of pinch-off, we observe the formation of a thin and
long filament. Figure 3.3 represents the surfactant concentration at different time
steps. It shows that the surfactant concentration is high in the neck region. Since
the total amount of surfactant is conserved, as the surface area decreases, the amount
of surfactant increases. This dramatically decreases the surface tension in the neck
and hence makes the filament less susceptible to the surface tension driven instability.
Moreover this high value of surfactant concentration in the filament also suggests to
choose a non-linear equation of state, which is appropriate for low as well as high
surfactant concentrations.
The evolution shown in Figure 3.2 does not exhibit a trend suggesting that the
interface will pinch-off in finite time. Instead, steep gradients develop at large times
in the simulations. Additional physical effects, in this simplified model can become
important when large interfacial gradients develop. Two physical effects that were
neglected in the present model are the Marangoni effects and the surface diffusion
of surfactant. In Section 3.7, we will consider the influence of Marangoni forces and
surface diffusion of surfactant on the interfacial dynamics, and in particular, whether
these inclusions can lead to pinch-off of the interface.
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Figure 3.1 Jet radius

A vs axial direction z for clean interface.

Figure 3.2 Jet radius

A vs axial direction z in presence of surfactant.

Figure 3.3 Surfactant concentration.
3.6 Comparison with Full Numerical Simulations

In this section, we compare the results of the long wavelength model with the full
numerical simulations of the Navier-Stokes equation for the case of an inviscid jet.
This work is done in collaboration with J. Lie and Y. Young. We numerically
investigate the breakup of an inviscid jet, suspended in a viscous exterior fluid in
the presence of an insoluble surfactant at the interface using a moving grid method.
A boundary-fitted coordinate system is used in which the free surface coincides with
one line of the numerical grid.
Figure 3.4 shows the evolution of a slender inviscid bubble in viscous exterior
fluid. The dotted lines show the initial bubble shape and the thick line is the final
evolved shape. We see that during the evolution of the jet interface, the presence of
surfactant retards the pinch-off and a thin and long filament is formed. The numerical
simulations of the long wave model just show this type of effect. Marangoni terms
do not appear in the long wavelength model. From the full simulations, we see that
the Marangoni terms are not important close the pinch-off. Figure 3.5 represents the
results in which the Marangoni terms are turned off but we see the similar behavior
of retardation as in Figure 3.4.
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Figure 3.5 Results for the inviscid jet with full numerical with no Marangoni terms.
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3.7 Effect of Surface Diffusion
In surface tension driven flows, Marangoni stresses develop due to the non-uniform
distribution of surfactant. These are surface tension gradients which act in a way
to make the surfactant concentration more uniform. In our asymptotic analysis,
Marangoni terms do not appear in our final equations and boundary conditions.
The reason is that the tangential stress balance Dwhich incorporates the Marangoni
force terms) decouples from the other equations and hence does not influence the
long wave dynamics at the leading order. As a simple way of incorporating the
Marangoni terms into the leading order equations, we tried rescaling the various
parameters and dependant variables, with a hope that a particular scaling would
re-couple the tangential stress balance and Stokeslet density fDz, t) to the leading
order equations. This would have the effect of re-introducing the Marangoni force
terms to the leading order equations. Unfortunately, as shown in Appendix A, it is
not possible to implement this re-coupling in consistent asymptotic expansion via a
simple rescaling of parameters or variables.
In order to include a redistribution mechanism for surfactant, we next consider
the effect of surface diffusion of surfactant concentration, characterized by the Peclet
number Pe, = f32,1;IT . Surface diffusion is usually small and the effect is neglected in
most cases. In present situation, the long wave model D3.50) and D3.51) does not
predict pinch-off. If we run simulations for longer time, a shock develops and the
model breaks down without predicting pinch-off. But as the slope steepens, surface
diffusion effects become important due to large interfacial gradients.
When surface diffusion is incorporated into the model, the leading order asymptotic
equations for surfactant transport Dwith diffusion) and for the jet radius are given by
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Figure 3.6 Jet radius at Peclet number=10.

To solve the above system, we first evaluate the integral using a trapezoidal
rule to get the inside pressure. When the inside pressure is known, we use an implicit
scheme, i.e., we use forward time and central space to discritize time and space
derivatives. This discretization leads to a tridiagonal system of algebraic equations,
which we solve using the Thomas algorithm.
Results of our numerical simulations for different values of Peclet number Poe
are presented in this section. It is observed that for small values of the Peclet number,
the jet pinches very fast Dsee Figure 3.6). As we increase the Peclet number, it takes
longer for the jet to pinch. For high values of the Peclet number DPe, = 1000), a
filament is formed Dsee Figure 3.9), as was seen in the case of infinite Peclet number
Dzero diffusion), but if we run simulations for longer time and as large gradients
develop, surface diffusion effects become dominant and eventually cause the jet to
pinch.
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Figure 3.7

Jet radius at Peclet number 100.

Figure 3.8

Surface tension at Peclet number=100.
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Figure 3.9 Jet radius at Peclet number=1000.

Figure 3.10 Surface tension at Peclet number=1000.
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3.8 Results with Non-Linear Equation of State
The results described in the previous sections are obtained using a linear equation of
state to express the relationship between surface tension and surfactant concentration,
which is often appropriate for low or dilute surfactant concentration. In this section,
we generalize our earlier analysis to include a non-linear equation of state. It is a more
precise way of expressing this relationship and is appropriate for both high surfactant
concentrations as well as for low concentrations.
Another motivation for using a non-linear equation of state is the fact that
close to pinching, the surface area of the jet decreases, and as a result the amount
of surfactant increases in the neck Dfilament). The assumption of dilute surfactant
concentration is no longer true, and it is more appropriate to use a non-linear equation
of state to express the relationship between the surface tension and the surfactant
concentration. There are various forms of non-linear equations used in the literature
[3]. The most frequently used also known as Langmuir equation [9] is given by

where oo represents the surface tension of the clean interface,

Fao is the maximum

__,, is a dimensionless number with A as the
concentration of surfactant and 0 = RTT
ao
F

universal gas constant and T as the absolute temperature. We non-dimensionalize
the above the equation using the 6 = 51- and
.

f = F.' Dand drop tildes) to get
1

Figure 3.11 and Figure 3.12 represent the results with the non-linear equation
of state. Qualitatively, the results are similar to the ones with the linear equation of
state and show that the presence of surfactant retards the pinch-off regardless of the
equation of state used.
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Figure 3.11 Jet radius with non-linear equation.

Figure 3.12 Surface tension with non-linear equation of state.
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3.9 Diffusion and Non-linear Equation of State
In this section, we present the results with the combined effect of diffusion and nonlinear equation of state. In this case governing equations become

and Pe,, is the scaled surface Peclet number given by

Figures 3.13 and 3.14 represents the results for the jet radius and surface tension
given at different time steps during the evolution of the jet. Figure 3.13 shows the jet
interface and we see the retardation effect even with the non-linear equation of state
which results in the formation of a thin and long filament.

38

Figure 3.14 Surface tension a with non-linear equation of state and diffusion.
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3.10 Linear Stability Studies
3.10.1 Linear Stability of the Long Wave Model

We perform linear stability analysis of the governing equations obtained by using the
approximations of the long wave theory. This will then be checked against the linear
stability results of the full problem [14] in the long wave limit k 0, which is the
region of validity of the long wave equations. Recall that governing equations are

and the inside pressure is given by the following integral

We linearize A and F and p i about the base states as follows

where 6 << 1. Here, note that there is no correction to the pressure to the linear
order. This can be proved by the conservation of volume condition. Substituting the
above in the governing equations and collecting the terms to the order of 6 we get
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The above system of the ordinary differential equations can be written in the
form

Stability of the system can be determined by finding the eigenvalues of the
matrix A, which actually gives us the growth rate parameter s, where [A, F] -=---

We note that when 0 = 0 (no surfactant case), this result is in agreement with
the clean interface linear stability calculations of Tomotika [36] for u2 = 0 and k —> 0,
i.e., in the long wave limit.
A thorough linear stability analysis for the case of two fluid jet in the presence
of soluble surfactant has been given by Hansen et al. [14]. In the next section, we
verify that their expression D5.3), in zero surfactant solubility and k --4 0 limit, gives
results that are in agreement with D3.76).
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3.10.2 Comparison with Hansen's Results

Hansen et al. [14] investigated the effect of soluble surfactant on the breakup of a
viscous filament surrounded by another viscous fluid using linear stability analysis.
They studied the response of a fluid filament to small disturbances to the interface
represented in terms of Fourier components. In the Stokes flow limit, they derived
a dispersion relation for the case of a viscous thread in a viscous surrounding in the
presence of a soluble surfactant.
To compare the linear stability results of long wave equations with the linear
stability analysis of the Hansen [14], we start with the dispersion relation D5.3) in
Hansen.

where

where Esc is non-dimensional growth rate of the disturbances in the Stokes flow limit,

A=

is the surface tension number, Nsur =i

is the Schmidt number, A I, =
A„ = D
P

Sp is the surface diffusion number,

is the viscosity ratio and AL =

is the interface thickness parameter. Here B denotes the undisturbed radius of the
filament and K is the ratio of the interfacial concentration to the bulk concentration at
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To compare with the long wave model, we need to redefine the growth rate
factor. Since (.0 8 is non-dimensionalized by

and we are considering the case of an

inviscid jet Dp i —f 0). Therefore, we define W HO = N take NL = 0, and Nsur00
,

Multiplying D3.82) with NI, on both sides and taking the limit as NI, —* 0, results in a
dispersion relation for the case of an inviscid jet in viscous surrounding with insoluble
surfactant

Divide both sides by kF'Dk) and rearrange to get a quadratic equation for the growth
rate EH

Figure 3.15 Growth rate co l/ for different values of b = &.
uo

Figure 3.15 represents the growth rate for WH plotted for different values of
b = --a°- - Q. It shows that there is small band of long wavelength unstable modes. Note

that as b —4 oo, the dispersion approaches a limiting curve, where this is a growth for
long waves with k —f 0, and the growth of all other waves is greatly reduced.
To compare with the long wave model, we take the limitDk —> 0) of D3.84) and
get the following growth rates for the two roots in D3.84):

Equation D3.85) shows the growth rates from the Hansen's results obtained in the
long wavelength limit. This relation is given in the form of o o and Eo , surface tension
-

and Gibbs elasticity for the undisturbed jet. To compare with our results, we express
D3.85) in terms of /3, and find Dsee Appendix B)
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Using D3.86) in D3.85) yeilds

The growth rates in D3.87) can be shown to be identical to the growth rates
obtained from the long wave equations Dsee 3.76). The extra factor D1 — 0) in the
denominator is due to the different non-dimensionalization of time in both studies.
For further details please see Appendix B.

3.10.3 Linear Stability of Long Wave Model with Diffusion
In this section, we present linear stability analysis of the long wave equations including
the effect of diffusion. This will then be compared with the linear stability results
of the full problem in the limit k -- 0 in Hansen et al. [14]. Recall the governing
equations

We linearize A and F and p i about the base states as follows

Substituting in the governing equations and collecting the terms to the
order of 6 we get

The above system of the ordinary differential equations can be written in the
form

and the matrix A is given by

Stability of the system can be determined by finding the eigenvalues of the
matrix A, which actually gives us the growth rate parameter s, where [A, F] =

Further simplification gives the growth rates as
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3.10.4 Linear Stability of the Full Problem with Diffusion (Hansen)
The linear stability analysis of the the full problem with diffusion was considered by
Hansen et al. [14]. We start with the dispersion relation D5.3) in Hansen.
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is the Peclet number based on the jet width B

Multiplying with NI, on both sides and taking limit as At, —> 0, we get a
dispersion relation for the case of an inviscid jet with insoluble surfactant with the
effect of surface diffusion

Figure 3.16 Growth rate vs wave number with diffusion.

Figure 3.16 shows the results of the linear stability analysis of the full problem
with surface diffusion. Growth rate is plotted against the wave number for different
values of the Peclet number and

--Q..
ao

We take the long wavelength limitDk —4 0) of D3.110) and get the following
growth rates

which are the same as growth rates obtained from the long wave equations Dsee
3.76); the extra factor D1 — 0) in the denominator is due to the different nondimensionalization of time in both studies. For further details please see Appendix
B. Not surprisingly, the

k --4

0 limit of the dispersion relation does not exhibit any

dependance on the Peclet number, since diffusion is a high

k

effect.

CHAPTER 4
BREAKUP OF VISCOUS JET IN VISCOUS SURROUNDING IN
PRESENCE OF INSOLUBLE SURFACTANT

In this Chapter, we generalize our earlier model of inviscid jet to consider the case
of a slightly viscous jet in viscous surrounding. The case of inviscid jet becomes a
special case of this study. We consider a less viscous fluid inside the jet and highly
viscous fluid outside the jet. Both the jet and the external fluid are assumed to be
incompressible, immiscible and Newtonian.

4.1 Derivation of the Model
We derive long wave evolution equations for a viscous fluid jet of viscosity il i Dpreviously
/-ti was taken to be zero), surrounded by another viscous fluid of viscosity p, 2 . Inside
pressure of the jet is denoted by p i , and outside pressure is p 2 . Velocity vectors in
a curvilinear polar coordinate system are denoted by Du z , u r , u0) for the inner fluid
and DUz , Ur , U0 ) for the outer fluid. We assume that both inner and outer fluids
are described by Stokes equations for viscous flow. The inside flow is governed by
the axisymmetric Stokes equations and continuity equation. Introduce the following
dimensionless variables

The non-dimensionalization of interior pressure by the jet radius is motivated by
the fact that instability is capillary driven. We introduce the viscosity ratio = A.
For equations governing the flow of interior fluid, we introduce the new scaling f. = lc ,
using the slenderness of the jet.
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With the new scalings, inside equations become

The continuity equation after scaling becomes

We also assume that 2E = 0D1), since the instability is capillary driven. Note that
this implies 'u., = 0D1) so that

and from D4.3)

Alternatively, E u., >> 1, which gives a different scaling regime which we do not
consider here.
The non-dimensional tangential stress balance DT.S.B) and normal stress balance
DN.S.B) are given by
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The non-dimensional surfactant transport equation is given by

where we have introduced a surface Peclet number Pe s

= .D p'
29-1js

The kinematic condition is

4.2 Method of Solution
In the exterior of the jet Das in the case of inviscid jet), we can approximate the leading
order solution of the Stokes equations in the form of integrals of Stokeslet and source
terms over the jet centerline. Using the method of Handelsman and Keller [13], we
can write the localized expressions on the jet surface at r = E1 .
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where we have kept leading order terms in f and A. Note that scales for f and A are
not known at this point and will be determined by matching with the inner solution.

4.3 Order of Magnitude Analysis
In this section, we perform an order-of-magnitude analysis of the equations and
boundary conditions. First, consider the tangential stress balance; using D4.4), D4.5)
and D4.13)-D4.15), we equate the leading order contribution on both sides of T.S.B to

We shall eventually find that the second term in the
above equation is of a higher order.
Continuity of Velocity:

From the continuity of the axial component of the velocity we have,
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From the continuity of the radial component of the velocity at the interface we have

Remark:
The scalings for the viscosity ratio, i.e., A ' 0DE 2 ) give a distinguished balance. We
could have no different scaling for f and A with A , 0DE 2 ) which give a different
distinguished balance. However there exits other scalings for A satisfying A >> 1 De.g.,
A ~ Be), or A ~

DA2inf))

for which distinguished balance can be found. But in

this study we are interested in small A.
Motivated by these scalings, we let
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Order of magnitude analysis of the axial equationD4.27) suggests that the second
term on the left hand side is negligible as compared with the other terms in the
equation., so we get

similarly, order of magnitude analysis of the radial component suggests tnat
whole left hand side is negligible, so that

Therefore,

Multiply equation D4.29) by f and integrate with respect to f Dusing D4.31)) to get

Integrating again with respect to f, we get

where B and C are the constants of integration and are functions of z and t only.
Moreover f = 0 is in our domain and we require a finite velocity at f = 0, hence, we
choose C = 0 yielding

Using equation D4.34) in the equation of continuity D4.3), we obtain
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Multiply throughout by f- and integrate with respect to f- to get

From D4.16), we have a leading order equation for tangential stress balance:

But again we have an expression for /I, given by

Differentiating with respect to f-' we get

Substituting D4.39) in D4.38) and using A = EAt and f = Eft , we get

This equation determines the Stokeslet density f in terms of the source density A and
the interface shape but otherwise decouples from the other leading order equations.
Consider next the normal stress balance D4.7). From the scalings D4.24) and
using D4.10)-D4.15), we get the leading order contribution in the normal stress balance
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Recall that

Using D4.43) and D4.25) in D4.42), we get an expression for the leading order contribution
in the normal stress balance:

Continuity of velocity:

Recall that continuity of velocity gives us

It follows that the left hand side of the above equation is zero to the leading order.
The integration function B can be recovered from the above equation

Inserting D4.47) into D4.37), radial component of velocity becomes

The leading order contribution from the normal stress balance is

Further simplification gives
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We know from the continuity of the radial component of velocity that

Comparing D4.50) and D4.51), we get

To find the governing equation for the evolution of the interface, we use the leading
order Kinematic condition given by

From D4.52) and D4.53), we obtain an equation which governs the evolution of the
interface:

By comparing D4.48) with D4.52) we get a equation for the inside pressure

where primes denote the derivative with respect to z and a = aDF) is a variable surface
tension, which can be a linear or non-linear function of surfactant concentration.
Initially, we use a simple linear equation of state a = 1 — ,8F, but other non-linear
relationships can easily be incorporated into the model. Equation D4.56) is for the
inside pressure. Recall that in the case of an inviscid jet, the inside pressure was
spatially independent and was given in the form of an integral. But in this case, the
inside pressure is governed by a boundary value problem given by this second order
ordinary differential equation.
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The evolution equation for the surfactant transport equation is obtained in the
similar manner as in the inviscid case and is given by

4.4 Numerical Solution

The complete set of equations governing the dynamics of a slightly viscous, axisymmetric
and slender jet is given by Dwithout tildes)

where the inside pressure p i is governed by the following second order differential
equation.

In the absence of a surfactant, equations D4.58) and D4.60) have been obtained
by Lister and Sierou [32] and Howell and Siegel [15]. Equations D4.58)-D4.60) are
integrated using a finite difference method, which is explicit in time. We briefly
describe the method. Assume the shape A is known at time t. The pressure is then
determined from the boundary value problem D4.60)Dwith boundary conditions being
27 periodicity in z). We use central differences to discretize the equation; this leads
to a tridiagonal matrix for the inside pressure, which is then easily solved using the
Thomas algorithm. Once the pressure is known at time t, equations D4.58) and D4.59)
are integrated using an explicit method to obtain A and F at time t + At.
Figures 4.1 and 4.2 show the jet radius plotted at various time steps. Figure
4.1 shows the radius without surfactant and we see that the trend suggests the jet
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Figure 4.1 Jet radius ADz, t) vs axial direction z, without surfactant.
pinch-off occurs in finite time. Similarity solutions to D4.58) and D4.59) Dfor a = 1)
which exhibits pinch-off in finite time have been found by Lister and Sierou [32].
On the other hand, Figure 4.2 shows the jet radius in presence of a surfactant,
and we see that the presence of surfactant retards the pinch-off process. The finite
time singularity, which is observed in the case of no surfactant, is inhibited in the
formation of a thin and long filament.

4.5 Effect of Diffusion on Pinching
As was discussed earlier, due to the presence of large gradients of the surfactant
concentration at the interface, surface diffusion of surfactant becomes important. We
presently include the effect of surface diffusion into the model. In this section, we
solve the governing equations including the effect of diffusion and present results for
different values of the Peclet number.
The asymptotic equations governing the surfactant transport Dwith diffusion)
and the jet radius are given by
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Figure 4.2 Jet radius

ADz, t) vs axial direction z, with surfactant.

Figure 4.3 Surfactant concentration F vs axial direction z.
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The inside pressure p i is governed by the following second order differential
equation.

Here Pe, is the scaled Peclet number

Figures 4.4 - 4.6 show the results with the effects of diffusion. For high value of
the Peclet number DDPe0 = 1000), a filament is formed Dsee Figure 4.4), as was seen in
the case of infinite Peclet number Dzero diffusion), but if we run the simulations for
longer time and as large gradients develop, surface diffusion effects become dominant
and eventually cause the jet to pinch. With the inclusion of diffusion, we observe
an interesting phenomena known as the secondary necking. Without surfactant, jet
pinches at a location close to the middle of the filament at the left end point of the
satellite drop Dsee Figure 4.1), but the presence of surfactant causes the jet to pinch at
a different location DFigure 4.4), also known as a primary and secondary necking. The
different pinch-point in the presence of surfactant can have an effect on the dynamics
of satellite drops. Figure 4.5 and Figure 4.6 show the surfactant concentration and
the surface tension at different times.

4.6 Results with Non-Linear Equation of State

In the previous sections, we used a linear equation of state to express the relationship
between the surface tension and the surfactant concentration, which is often appropriate
for low or dilute surfactant concentration. In this section, we generalize our earlier
analysis to consider a non-linear dependance of the surface tension a on the surfactant
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Figure 4.4

Jet radius with diffusion.

Figure 4.5

Surfactant concentration with diffusion.
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Figure 4.6 Surface tension with diffusion.

concentration F. In non-dimensional form it is given by

Figure 4.7 shows the result with non-linear equation of state. We see that long
wavelength model shows the similar behavior as was observed in the case of linear
equation of state, which is indicative of the fact that presence of surfactant retards
the pinch-off, irrespective of which equation of state is used.

4.7 Case of Pseudo Soluble Surfactant
-

Surfactant solubility, or more specifically, mass transfer of surfactant between the
interface and the bulk-phase fluids is not considered in our earlier studies. In this
Section, we incorporate the effect of surfactant transfer from the bulk to the interface
and vice versa by adding a flux term in the surfactant transport equation.

Figure 4.7 Radius of viscous jet with non-linear equation and diffusion.
where the flux onto the interface is given by two steps: first, a diffusive flux bringing
surfactant to the interface, —JD = DVC.n, and second, a kinetic exchange which
partitions the surfactant from the sublayer to the interface, — LK = OCs DF oo —F)—aF,
where D is the diffusion coefficient of surfactant in the bulk, C s is the sublayer
concentration, Food is the maximum packing concentration and a, 0 are desorption and
adsorption constants respectively. To write down the equations, we assume that there
is a equilibrium between the diffusive flux and the kinetic exchange, i.e., JD = JK
and either one can be used in the surfactant transport equation.
At equilibrium, JK

=

0 gives a relation between the sublayer equilibrium

concentration, Ceq , and the equilibrium value of surfactant on the interface, req ,

Defining the dimensionless equilibrium surfactant concentration re
rewrite D4.66) as

= i--19- , we can

r.
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where we have introduced k = ' a's-i and it is a dimensionless measure of the bulk
-

concentration.
To get a governing equation, we add —LK Dor —JD, since they are equal) to the
right hand side of D4.65). In this case, we non-dimensionalize

F by r

e

, and get the

modified surfactant transport equation

where Bib

' Bo
= -13 is a non-dimensional parameter called the Biot number. As an

equation of state for a, we use the following non-dimensional equation of state for the
surface tension a as a function of surface concentration r:

We present results in Figures 4.8-4.10 for the jet radius in presence of pseudosoluble surfactant. We have used B ib = 1 and computed the jet radius for different
values of x. Results have consequences in the satellite formation.
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Figure 4.9 Radius of viscous jet with surfactant solubility for B ib = 1 and x = 0.99.
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Figure 4.10 Radius of viscous jet with surfactant solubility for B ib = 1 and x =
0.999.

CHAPTER 5
EXPERIMENTAL STUDIES OF JET BREAKUP

This chapter focuses on the experimental studies of the jet breakup. The pendant
bubble method is used to measure the evolution and detachment of a bubble for both
clean and contaminated interfaces. In this technique, bubbles are formed and grown
from the tip of a needle submerged in an exterior fluid. Detachment and necking of
the bubble is then observed using a high speed digital camera. A computer analysis
of the digitized images is performed to find the minimum neck radius. This system
can also be used to determine the surface activity or the interfacial tension between
various liquid-liquid or liquid-gas interfaces.

5.1 Experimental Setup
The experimental apparatus mainly consists of a video camera, an image digitizer, a
monitor, a PC , a light source and a lens system. In this experiment, air is pumped
through a fine stainless steel inverted needle to create a bubble in a viscous liquid. The
bubble is formed at the tip needle with a syringe pump which pushes air into a tube
connecting the pump to the inverted needle. The capillary tube Dneedle) is immersed
in a glass cell Dcurvette), which is filled with an aqueous-glycerol mixture. A high
speed motion analysis system is used to capture the images of the growing bubble
and the break-up process. This motion analysis system is composed of an intensified
imager, i.e., camera, and a processor that can record 1000 full frames per second or
12000 partial frames per second. The camera is connected to a video frame grabber
that has a resolution of 480 x 512 pixels. A separate monitor is also connected to the
frame grabber in order to view the live images. For the light source, a halogen lamp
with constant light intensity is used. A plano-convex lens system is used to produce
a collimated beam of light to illuminate the bubble in a glass windowed chamber.
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Collimated parallel light passing perpendicularly through the axis of symmetry of the
pendant bubble surface, creates the image of the bubble because of the refraction of
the light at the bubble surface.
Before starting the actual experiment, the image forming system is calibrated
by digitizing a stainless-steel sphere of accurately known diameter. The coordinates of
the sphere are measured by the same edge-detection procedure as for the bubble. The
horizontal/vertical aspect ratio is a very important parameter in this image analysis
method, and is calculated using the images of the sphere. The schematic diagram of
the experimental set up is shown in Figure 5.1.

Figure 5.1 Experimental set up.

5.2 Materials and Methods
In preparing the solution for the continuous phase, we choose a glycerine/water
mixture with a ratio of 9:1 by volume. We used purified water in our experiments to
avoid any kind of impurities. As a surfactant, we use C 12 E0 in the continuous phase.
We used low concentration of surfactant, namely 0.37 mg/lit. All experiments were
carried out at a room temperature between 24C° to 27C°. The bubbles are formed
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using a Cavro digital syringe pump, which is computer controlled. A Hamilton syringe
and plunger is placed in the pump in a holder which affixes the barrel to a movable
lead screw which moves parallel to the axis of the syringe. By computer control, the
lead screw is set in motion, moving the plunger of the syringe down the barrel of
the syringe in small programmable increments. The leur lock end of the needle is
connected to a two way valve. One end of the valve is connected by Teflon tubing to
the inverted needle. The second end is left open and is used to fill the syringe with
air.
In the surfactant solution, the bubble is formed and kept there for enough time
to allow the surfactant from the surrounding fluid to diffuse onto the bubble interface
and to reduce the surface tension. A tiny amount of air is then injected into the
bubble to detach it from the needle. The images of the pinching bubble are recorded
using a fast video camera.

Measurement of surface tension: The apparatus shown in Figure 5.1 is also
called the pendant bubble apparatus and is used to measure the surface tension.
To measure the surface tension, a bubble is formed at the tip of an inverted needle
with a syringe pump which pushes air into a tube connecting the pump to the needle.
The bubble is fully grown to get accurate measurements of the surface tension. The
digitized images of the grown bubble are used to detect the locus of the bubble. A
digitized image consists of a map of the intensity at each point in the field of the
view of the camera which is divided into pixel locations or Cartesian coordinates
indicating the row and column positions. The intensity at each pixel location is an
integer depending upon A/D converter of the camera; 8 bit converters are normal and
the intensity range is from 0-255. A simple program finds the location of the edge by
noting when the image intensity drops from brighter liquid value to the darker bubble
value. the locus is stored as a set of coordinates. These coordinates are converted
to the physical dimensions Din microns) referenced to the origin by calibrating the
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field of view. Calibration is undertaken by imaging a spherical ball of known radius.
The shape of an axisymmetric pendant bubble depends upon a single parameter, the
Bond number. It is a measure of the relative importance of the gravity to the surface
tension in determining the shape of the drop. In order to measure the surface tension,
the shape and size of the experimentally obtained digitized images are compared to
the theoretical profiles obtained by integrating the Young-Laplace equation.

5.3 Experimental Results

Figures 5.2 and Figure 5.3 show the results of our experimental runs, where we can
see the effect of the surfactant on the break up of the inviscid jet. Figure 5.2 shows
the last few frames of the breakup process for the clean interface. Figure 5.3 shows
the breakup of the jet in the presence of the surfactant. Note that the inverted needle
orifice is viewable at the bottom of these figures.
The experimental results support the theory that the presence of a surfactant
retards the pinch-off. However, several trends are suggestive: In the results without
surfactant, the bubble shape near pinch point takes the form of a parabolic profile
up until the pinch-off as predicted by the inviscid jet theory of Doshi et al. [8]. The
theory of Doshi et al. predicts that eventually the viscous forces in the interior fluid
will blunt the profile. This is not very clearly observed in our experiments. We believe
that the reason is that the video frames/sec D1000), is too low to capture the blunting,
which occurs very close to the pinch-off.
In contrast, when surfactant is present, the blunting of the initially parabolic
profile was observed in every trial, even though the same 1000 frames/sec was used.
This suggests that the surfactant causes the slender thread Dafter blunting) to last
longer, and it is suggestive of a retardation of the pinch-off process. Our numerical
simulations of the model equations show just this type of effect. Qualitatively, we
also find evidence that the surfactant retards the pinch-off by measuring time to the
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Figure 5.3 Pinching bubble with surfactant.
pinch-off Dby counting the number of frames to the pinch-off, from a fixed profile in
the surfactant and no surfactant system with nearly equivalent radius).
Using image analysis software, we extracted a minimum neck radius close to
pinch. Figure 5.4 shows the minimum neck radius plotted as a function of time to
pinch. This result shows that for a fixed initial neck radius, the jet with surfactant
lasts longer and takes more time to pinch.

Figure 5.4 Minimum neck radius vs time to pinch.

CHAPTER 6
CONCLUSION AND FUTURE DIRECTIONS

6.1 Conclusions and Discussions
Surface tension driven breakup of a single fluid jet, where the outer medium is assumed
to have no effect on the pinching, has been the subject of many investigations [25], [10].
Less work has been focused in understanding the pinch-off of two fluid jets because
the presence of the outer fluid makes the problem very complicated and challenging.
In this study, we considered the case of a two fluid jet, i.e., the jet which consists
of an inner core fluid surrounded by an outer fluid of an infinite extent. The role of
a constant as well as variable surface tension, due to the presence of surfactant, is
investigated.
We have addressed the effect of an insoluble surfactant on the necking and
breakup of a periodic fluid jet. We considered both an inviscid and a slightly viscous
jet immersed in a viscous exterior fluid and studied the pinching mechanism and the
effect of surfactant on this process. We approached this problem with the tools of the
slender body theory and long wavelength asymptotics. It is shown that the slender
body theory can be used to construct a mathematical model governing the dynamics
of a slender axisymmetric jet.
Instead of considering a full axisymmetric Stokes equations and non-linear
boundary conditions, we used non-local slender body theory to reduce Stokes equations,
advection diffusion equation for the surfactant transport and non-linear boundary
conditions to a simplified one dimensional system of coupled partial differential equations.
We analyzed the resulting model both analytically and numerically. This long wave
model is then compared with the numerical solution of the full system and it is found
that our model captures most of the features of the full problem.
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In Chapter 3, we considered a simple case of an inviscid jet and derived a long
wavelength model for the evolution of the jet interface and the surfactant concentration.
Inside the jet, there is nothing but a passive inviscid fluid with a space independent
pressure pDt). Exterior to the slender jet, we have the axisymmetric Stokes equations.
Using the slender body theory and asymptotic analysis based upon the slenderness
parameter

E,

we derived a long wave model DEquations 3.43, 3.44). The inside pressure

is derived from the condition of the conservation of volume DEquation 3.47).
Numerical Solutions shown in Figure 3.1 and Figure 3.2, represent the jet
interface plotted at different time steps. These results show that the presence of
surfactant retards the pinch-off and the finite time pinch-off which is observed in the
case of a clean interface is inhibited in the formation of a thin and long filament.
Figure 3.3 shows the surfactant concentration plotted at various time steps. It shows
that in the neck region the surfactant concentration is high as compared to the other
regions. Since the total amount of the surfactant is conserved, as the surface area
decreases in forming the filament, the amount of surfactant increases by decreasing
the surface tension and hence stabilizing the filament. Surprisingly the Marangoni
force is not important in the filament formation.
We derived a simple analytical result D3.49), which tells us that with the present
long wave model, the pinch-off will not occur. Because if the jet pinches, the surfactant
concentration will become unbounded. This indication is confirmed by our numerical
simulations, which shows that in presence of the surfactant jet does not pinch.
We also performed a linear stability analysis of the long wavelength model.
Linear stability studies agree with the classical result of Tomotika [36] for the case
of no surfactant in the long wavelength limit Dk 0). Hansen et al. [14] used a
linear stability analysis to study the effect of a soluble surfactant of a two fluid jet.
The linear stability results of the long wavelength model can be recovered in the limit

k 0, from Hansen's results, with zero solubility and zero inside viscosity.

76
The long wave model DEquations 3.43, 3.44) does not predict a pinch-off. If
we run the simulations for longer times, the slope of the profiles become steep and
eventually develop a shock. Due to large gradients, previously ignored diffusion terms
become important and play a significant role in the dynamics. We also included the
effect of surface diffusion into the model, characterized by the surface Peclet Number

Pe,. The numerical results show that the presence of surfactant first retards the
pinch-off in the formation of a thin and long filament but eventually due to large
gradients, the diffusion terms kick in and cause the jet to pinch.
In Chapter 4, we generalized the results of inviscid jet by considering the case
of a slightly viscous jet in a highly viscous exterior fluid. The solution exterior to
the jet is found by the localized slender body theory, as in the case of inviscid jet.
We use lubrication approximations to find the solution inside the jet. The governing
equations for the case of a slightly viscous jet DEquations 4.63, 4.64) look similar to
that of inviscid jet, but the inside pressure is governed by a boundary value problem
for second order ordinary differential equation DEquation 4.65). Numerical results for
the case of both with and without surfactant are given in Figure 4.1 and Figure 4.2.
These results show the similar behavior of retardation of the pinch-off, as was seen
in the case of an inviscid jet. The numerical results show the formation of a thin and
long filament, which is stable.
The effect of diffusion is also studied for the case of a slightly viscous jet. Figure
4.4 shows the jet interface in presence of the surfactant with the effect of diffusion.
Before the pinch-off, a long neck is formed which eventually pinches due to the surface
diffusion triggered by large gradients. It is found that jet with the surfactant and
diffusion pinches at a different location as compared to the case of a clean jet. This
phenomena is also known as a primary and a secondary necking. Due to the possibility
of a high surfactant concentration in the necking region, we also used a non-linear
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equation of state DEquation 4.69) to express the relationship between the surface
tension and the surfactant concentration.
In Chapter 5, we presented the experimental studies to investigate the breakup
of low viscosity jets in a highly viscous exterior fluid. Experimental results support
the theory that the presence of the surfactant delays the pinch-off. It is found that
for the case of no surfactant, the bubble shape near the pinch point takes the form of
parabolic profile up until the pinch-off, as predicted by the theory of Doshi et al. [8].
The theory of Doshi et al. predicts that eventually the viscous forces in the interior
fluid will blunt the profile. This is not clearly observed in our experiments. On the
other hand, when surfactant is present the blunting of initially parabolic profile is
observed in every trial. This suggests that the surfactant causes the slender jet to
last longer and thus delays the breakup.
Using the image analysis software, we also extracted minimum neck radius plotted as
a function of time to pinch DFigure 5.4). This shows that for a fixed initial neck radius,
the jet with the surfactant lasts longer and takes more time to pinch. On average,
with the surfactant the pinch-off is delayed approximately by 30% as compared with
a clean jet.

6.2 Future Work
6.2.1 Local Similarity Solutions
It will be interesting to extend my work in some other directions. For instance,
to perform further analysis of the pinching solutions with surfactant and to find
similarity solutions. Experimental observations have revealed that profiles are remarkably
similar near the pinch point and are independent of initial conditions. Similarity
solutions for the case of constant surface tension have been found by Lister and
Sierou [32]. I want to extend my work to find the similarity solution for the case of
a variable surface tension, induced by the presence of surfactants.
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6.2.2 Surfactant Solubility

All numerical studies described in this work assumed insoluble surfactants. This is
a good approximation for soluble surfactants if the bulk concentration is dilute or if
the migration to and from the bulk is slow. To gain a better understanding of the
jet breakup problem, I want to examine the effect of surfactant solubility, i.e., the
surfactant is allowed to transfer between the continuous and the dispersed phases. It
is vital to include the effect of surfactant solubility due to two obvious reasons. First,
the build-up of surfactant is diminished by transfer of surfactant into the continuous
phase. Second, because the adsorption of surfactant occurs at regions of low surfactant
concentration and desorption of surfactant occurs from regions of high concentration,
this mass transfer of surfactant decreases surfactant gradients [23].
6.2.3 Jet Pinch-off in Presence of Electric Fields and Surfactants

The presence of an electric field is found to have important effects in industrial
applications. In chemical and oil industries, the electrostatic fields have been successfully
applied to separate the aqueous drops and bubbles from the oil phase [6]. Electrostatic
fiber spinning or electrospinning is another important industrial process in which
electric fields are used to produce polymeric fibers [31]. Due to increasing technological
applications, it is desirable to produce extremely controllable and high quality jets.
This is a topic of increasing interest for engineers and physicists in which mechanical,
chemical or electrical means are employed to get the desired results. There are some
experimental and theoretical studies [21], [20] in which the controlled charged capillary
jets of a conducting fluid with different viscosities and applied voltages have been
analyzed. The influence of an electric field on the jet breakup especially in presence
of surfactant is relatively unexplored. One dimensional long wavelength models have
been successfully applied to study the pinching of axisymmetric interfacial jets [25].
These results can be extended to include the effect of electric fields. A model must
be provided for effect of electric field on the surfactant evolution.
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6.2.4 Deformation of Elastic Membrane

The dynamics of flexible fibers or filaments immersed in a fluid are important in
understanding many interesting problems arising in biology, engineering and physics.
For instance, in mammals, blood flow in cardiovascular system and air flow in the
respiratory system are examples of fluid flows interacting with a flexible and elastic
boundary. The interaction between the flow and the flexible surface or membrane is
different from that of the rigid surface because of the coupling of the fluid and the
membrane dynamics. Previously this problem has been investigated with numerical
simulations using immersed boundary method [26]. I want to consider this problem,
using asymptotics and long wavelength models to study the deformation of an elastic
membrane as a results of its interactions with the flow.

APPENDIX A
MARANGONI TERMS

The Marangoni terms do not appear in the leading order equations. The reason is
that the tangential stress balance decouples from the other equations, i.e., f only
appears at the leading order in the tangential stress balance. One possible way of
incorporating the Marangoni terms into the leading order equations is to rescale
various parameters and dependent variables, with a hope that a particular scaling
would re-couple the tangential stress balance and Stokeslet density fDz, t) to the
other leading order equations.
In this appendix, we show that it is not possible to implement this re-coupling
in a consistent asymptotic expansion via a simple rescaling of parameters or variables.
Strategy is to find a scaling after the formation of the filament when a is small. We
want to find some scaling Di.e., a ~ BD€), or a ~ BD€ 2 )), when f appears at the
leading order in some equation other than tangential stress balance. This analysis is
done here for the case of A = 0.
Suppose A be of 0D1) Di.e., we are near the initial evolution). Recall that the
surface tension is related to the surfactant concentration by

where the order of

6 is not know at this point.

The leading order tangential stress balance is

We view A.4 as determining f once r and hence a is known from the surfactant
evolution equation D3.50).
The leading order terms in the normal stress balance are

Recall the kinematic condition

Using the values of o ur and Buz from D3.26) and D3.27), the leading order kinematic
condition becomes

The task now is to pick a scaling for G to get f to appear in some leading order
equation other than tangential stress balance with the restriction that 0 < 1.
Consider first the normal stress balance. Note from DA.4) that either

In either case, the third term in DA.6) does not contribute to the leading order in the
normal stress balance.
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For f to appear in the kinematic condition, we need either

which contradicts with the restriction that G < 1.
Similarly, if we use f , ,
-

we get

the from DA.11), then from the tangential stress balance

APPENDIX B
COMPARISON WITH HANSEN

In this appendix, we show that the linear stability analysis of the long wave equations
and the linear stability analysis of Hansen et al. [14] are equivalent. The apparent
difference is due to the choice of different notations and non-dimensional parameters.
We used a linear equation of state, which can be given in dimensional form

where the a, and r o denote the surface tension and the surfactant concentration for
the undisturbed thread and Eon is the Gibbs elasticity.
Therefore,

Rearranging, we get

where

Hence,

We also derived growth rates from Hansen's analysis, by taking the long wave limit.
Growth rates in the Stokes flow limit, represented by co s , are found to be

After comparing B.9 and B.10, we find an extra factor of D1 — 13) in Esc DHansen's
results). Here, we show that this extra factor in the denominator is due to the different
non-dimensionalization of time in both studies.
Hansen non-dimensionalised time by

Therefore, non-dimensional growth rate is

where wij and AN represent the dimensional and the non-dimensional growth rates
respectively, and B represents the undisturbed jet radius.
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From Hansen, the growth rate for Stokes flow, denoted by Bs is given by

Using B.11 and B.13 in B.12 yields

But from B.5

The growth rate for the Stokes flow becomes

In this study, we non-dimensionalize time by
growth rate represented by

AHD, becomes

From B.15 and B.16, we get

, therefore, the non-dimensional
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